An effective spin-orbit Hamiltonian is derived for a spin-1 / 2 trimerized kagomé antiferromagnet in the second-order of perturbation theory in the ratio of two coupling constants. Low-energy singlet states of the obtained model are mapped to a quantum dimer model on a triangular lattice. The quantum dimer model is dominated by dimer resonances on a few shortest loops of the triangular lattice. The characteristic energy scale for the dimer model constitutes only a small fraction of the weaker exchange coupling constant.
I. INTRODUCTION
The resonating valence bond ͑RVB͒ state 1 is a popular paradigm in condensed matter physics. Short-range RVB states are considered to be probable candidates for a spinliquid phase of magnetic insulators. The idea of short-range RVB states is quantitatively formulated by so-called quantum dimer models ͑QDM͒. [2] [3] [4] In a QDM each dimer represents a singlet state ͑valence bond͒ between a pair of neighboring spins. The QD Hamiltonian is defined in the Hilbert space of close-packed dimer coverings of a lattice. The dimer states are assumed to be properly orthogonalized. Local dynamics of an RVB state is typically described on the smallest plaquettes ͑ᮀ͒, which are squares for a square lattice or rhombi for a triangular lattice:
Ĥ QD = ͚ ᮀ ͓− t͉͑ = ͗͘ ʈ ͉ + ͉ ʈ ͗͘=͉͒ + V͉͑ = ͗͘=͉ + ͉ ʈ ͗͘ ʈ ͉͔͒.
͑1͒
The first term is a dimer kinetic energy, which flips a pair of parallel dimers around an arbitrary plaquette; the second term is a potential energy between such pairs. Rokhsar and Kivelson 3 have shown that a short-range RVB state given by a superposition of all dimer coverings of a square lattice is an exact eigenstate of the QD Hamiltonian for a special choice of the parameters t = V Ͼ 0. On a bipartite square lattice, the RVB state at the Rokhsar-Kivelson ͑RK͒ point has long-range power low correlations and describes a gapless spin-liquid state. 3, 5 Small perturbations away from the RK point drive the system into one of the ordered crystalline dimer states. 6 The QDM on a triangular lattice exhibits quite a different behavior at the RK point. 5, 7 The shortrange RVB state has exponentially decaying correlators and is fully gapped. It exists, therefore, in a finite range of parameters V Ͻ t and is stable with respect to weak perturbations to the QD Hamiltonian. Still, the question of whether such states or Hamiltonians can describe realistic quantum spin systems remains unsettled. In the present work we propose a realization of QDM on a triangular lattice for a nearest-neighbor Heisenberg spin model.
The most probable candidates among realistic spin systems for magnetically disordered singlet ground states are frustrated quantum antiferromagnets. 8 Numerical exact diagonalization studies of a spin-1 / 2 Heisenberg kagomé antiferromagnet have shown that this spin model has a nonmagnetic ground state with a large number of low-lying singlet excitations. 9, 10 Accessible cluster sizes do not allow us to draw a definite conclusion on the possible nature of the magnetically disordered ͑singlet͒ ground state.
One of a very few analytic approaches to such strongly correlated spin systems is an expansion from small clusters. The main motif of a kagomé lattice is a triangle. It is, therefore, natural to start from a trimerized kagomé lattice shown in Fig. 1 . Such a strong-coupling approach has been pursued in relation to kagomé antiferromagnet in several theoretical works. [11] [12] [13] [14] Recently, an experimental scheme to create a trimerized kagomé lattice has been suggested for ultracold atomic gases in optical traps. 15 This opens a way for an experimental probe of RVB physics in the corresponding spin model.
The Heisenberg model on a trimerized lattice,
has two coupling constants: J 1 for a stronger interaction between spins in ᭝ triangles and J 2 for a weaker interaction inside ᭞ triangles. An array of isolated ᭝ blocks is a zerothorder Hamiltonian, which has an exponential degeneracy 2 N/3 of the ground state. Interblock interaction lifts such a degeneracy. In Sec. II we derive an effective Hamiltonian up to the second order in a small parameter J = J 2 / J 1 Ӷ 1. This Hamiltonian is mapped to a QDM in Sec. III. The obtained results and their implication for the ground state properties of the trimerized kagomé model are discussed in Sec. IV.
II. STRONG-COUPLING EXPANSION

A. First-order Hamiltonian
Let us in the beginning derive the previous results on the effective first-order Hamiltonian 11-13 using somewhat different notations. Below we normalize all energies to J 1 such that J 2 → J. In a strong-coupling expansion one starts with an isolated triangle described by
The energy levels of Ĥ ᭝ are determined by the total spin S tot . For on-site S =1/2, which is always assumed below, the levels are two degenerate doublets with S tot = 
͑4͒
where spin numbering in an individual triangle follows Fig.  2͑a͒ . The former state ͉d ↑ ͘ is a combination of the spin-up apex spin and a singlet bond between the two base spins and has odd parity under the permutation P 23 . The other state ͉p ↑ ͘ is even under P 23 . The two members of a quartet with S tot z = + 3 and +1 are
All other states are obtained from Eqs. ͑4͒ and ͑5͒ by applying anS tot − operator. The choice of the basis in the doublet subspace is not unique. The apex spin can be put into a singlet state, either with its right or left neighbor. The two alternative basis states obtained by rotating ͉d ↑ ͘ about a center of triangle counterclockwise on 2 / 3 and 4 / 3 are
with their orthogonal partners ͉p ↑ Ј͘ and ͉p ↑ Љ͘. Transformation from the old basis ͑4͒ to the new states is
where ␣ = ↑ , ↓ or 1,2 is a spinor index. The main difference with the previous works 11, 12 is that real basis states ͑4͒ or ͑7͒ are used instead of complex chiral states. This yields a more transparent form of the effective Hamiltonian and simplifies the subsequent derivation of a QDM.
At this point we introduce two sets of the Pauli matrices: i , which act between spin-up and spin-down states, and i , which act in the orbital subspace ͑d , p͒ preserving the total spin. A convenient choice of orbital axes shown in Fig. 2͑a͒ corresponds to
Then, the orbital operators projected onto the rotated axes,
have the following eigenstates:
͑10͒
In order to find the effect of interblock coupling in the first order of perturbation theory in J = J 2 / J 1 one should neglect S tot =3/2 states separated by a finite gap ⌬E = 
A spinor structure is a consequence of the spin-rotation symmetry, while permutation of the base spins P 23 fixes the orbital part in Eq. ͑11͒. The above representation is further simplified once the total spin of a triangle S = 1 2 is defined and the orbital operators z k are used. Then, the nth spin ͑n =1-3͒ of the ith triangular block is represented by
where ẑ n goes from the center of a triangle in the direction of the corresponding spin; see Fig. 2͑a͒ . The effective first-order Hamiltonian in the interblock coupling is found by substituting Eq. ͑12͒ into the Hamiltonian ͑2͒:
where a trivial constant term − 3 4 N ᭝ is omitted for convenience. The derived spin-orbital Hamiltonian Ĥ 1 is defined on a triangular lattice, such that every site corresponds to one ᭝-block of the trimerized kagomé model and is attributed with spin and orbital operators. The bond orientation uniquely determines the orbital axes for two participating sites.
B. Second-order Hamiltonian
The second-order energy corrections for weakly coupled spin triangles have been obtained by Raghu and co-workers. 13 These authors have mostly been interested in a one-dimensional model, therefore, their analysis misses several terms relevant for a two-dimensional array of triangles in the trimerized kagomé model. In order to calculate the second-order result in J 2 , one needs to determine matrix elements of on-site spins between doublet ͑4͒ and quartet ͑5͒ states. Introducing symmetric third-rank spinor tensor q ␣␤␥ such that q 111 = ͉q +3 ͘, q 112 =1/ ͱ 3͉q +1 ͘, q 122 =1/ ͱ 3͉q −1 ͘, and q 222 = ͉q −3 ͘, and utilizing spin-rotation symmetry we find, by analogy with Eq. ͑11͒,
The second-order energy correction in the interblock coupling is, generally, given by
where G and GЈ denote combinations of lowest doublet states on ᭝ blocks and X are excited states. The nonzero second-order terms appear if either ͑i͒ one J 2 bond acts twice in the numerator of Eq. ͑15͒ or ͑ii͒ two adjacent J 2 bonds emerging from the same ᭝ block are used subsequently in the matrix elements ͗G͉Ĥ ͉X͘ and ͗X͉Ĥ ͉GЈ͘. This determines three different geometries for two-and three-block interaction terms shown in Fig. 2 . In the first case of two-block interaction, Fig. 2͑a͒, either Fig. 2͑b͒ and for the side triangles in Fig. 2͑c͒ , whereas the middle block does change its orbital state during the second-order process. The above conservation laws significantly simplify summation over intermediate states in Eq. ͑15͒. The final results are
for the two-block interaction;
for the three-block interaction shown in Fig. 2͑b͒ with a corresponding labeling of blocks; and
for the three-block interaction in geometry of Fig. 2͑c͒ . Polarization of orbital operators i z n in the above equations is again found by simple inspection of the arrangement of corresponding blocks on a trimerized kagomé lattice. Threeblock terms in Ĥ 2b exist on ᭞ plaquettes of an effective triangular lattice with three different z axes in Eq. ͑17͒. Three-body terms in Ĥ 2c appear on plaquettes of the triangular lattice with one polarization of z operators in Eq. ͑18͒, which changes under the permutation of ͑ijk͒.
The interactions Ĥ 2a and Ĥ 2c coincide up to a trivial change of notations with the previously derived terms for a one-dimensional array of triangles, 13 while the term Ĥ 2b is a novel one. Note, that Ĥ 2c contains a remarkable three-body spin-chiral interaction term. By deriving the effective spinorbital Hamiltonians Ĥ 1 and Ĥ 2 , we have substantially restricted the Hilbert space and simplified the original problem of finding the ground and the lowest energy states of the spin model ͑2͒. The remaining problem of solving Ĥ 1 + Ĥ 2 is still highly nontrivial. The spin-orbital Hamiltonian Ĥ 1 has been studied so far in the mean-field approach. 12 An effective Hamiltonian derived by the contractor renormalization group, which partially resembles Ĥ 1 + Ĥ 2 , has also been analyzed in the mean-field approximation.
14 Below we discuss a mapping of the derived Hamiltonians ͑13͒ and ͑16͒-͑18͒ to an effective QDM. The obtained QD Hamiltonian is dominated by the kinetic energy for dimer tunneling. The meanfield approximation, which assumes a frozen pattern of dimers, is, therefore, a poor approximation in the present problem.
III. QUANTUM DIMER MODEL
A. General remarks
A search for the low-energy states of the first-order Hamiltonian ͑13͒ can be started by considering first a twosite problem ͑two adjacent ᭝ blocks of the original kagomé lattice͒. 12 This problem is solved exactly and its ground state corresponds to a spin singlet with the orbital degrees fully polarized along the bond:
The ground-state energy is − 3 4 J. A variational singlet ground state for the lattice problem ͑13͒ is constructed by splitting the whole lattice into a close-packed structure of dimers between nearestneighbor sites, such that the dimer wave function is given by the ground-state solution of the two-site problem. A remarkable feature of these variational states is that at the meanfield level with respect to orbital degrees of freedom the total energy is just a sum of energies of individual dimers and does not depend on a particular dimer covering of a triangular lattice. 12 Indeed, once ͗ i z n ͘ = 1, then for the two other axes
. Therefore, the expectation value of any empty bond, i.e., a bond without a dimer, identically vanishes over the variational wave-function: either one or both sites of the bond have ͗1+2 i z m ͘ϵ0. In a subsequent numerical study the degenerate set of variational mean-field states has been identified with the low-energy singlet states of the spin-1 / 2 antiferromagnet on a trimerized kagomé lattice. 16 The above works leave, however, without answering an important question about the validity of the mean-field approximation and the further lifting of degeneracy by quantum fluctuations.
In order to go beyond the mean-field approximation, one has to consider off-diagonal matrix elements of the Hamiltonian ͑13͒ between various dimer configurations as well as the corresponding overlap matrix. The general rule to compute the overlap matrix for models, where every dimer represents a singlet pair, is to construct transition or overlap graph by drawing two dimer configurations on the same lattice. 2 Every closed nonintersecting loop of dimers contributes 2 / 2 l/2 to the overlap matrix, l being the length of the loop. The sign of the overlap matrix element depends on a sign convention for singlet wave functions. We adopt the standard convention 2, 5, 17 such that the singlet bond wave
where b is an upper site in the pair or is directly to the right from a; see Fig. 3 .
Local dynamics of singlet bonds in a trimerized kagomé model is determined by a few shortest loops on an effective triangular lattice, which include two-and three-dimer resonance moves; see The difference reflects the fact that loops on an effective triangular lattice correspond to significantly longer loops on the original trimerized kagomé lattice. For example, the shortest C 1 loop corresponds to a loop of length l = 10 on a kagomé lattice. Loops C 4 and C 5 are different for the considered model because a kagomé lattice has only a three-fold rotation axis in the center of every triangle. A significant difference of the overlap matrix elements explains why a QDM description is a poor approximation for a spin-1 / 2 Heisenberg antiferromagnet on a triangular lattice, 1 but may be a good one for the trimerized kagomé antiferromagnet. Below in this section we assume that the ground states of the first and second-order effective Hamiltonians are given variationally by close-packed dimer states and compute a new effective QD Hamiltonian. The above assumption is supported by numerical treatment of the trimerized kagomé antiferromagnet. 16 The derivation of a QDM from a particular spin Hamiltonian can be related to the computation of the inverse inverse square root of the overlap matrix. 3 We find that actual calculations become more transparent by operating with the wave functions. The final results are, of course, equivalent in both approaches. Specifically, let us consider two linearly independent, normalized states ͉ 1 ͘ and ͉ 2 ͘, which have a small overlap ͗ 1 ͉ 2 ͘ = ͗ 2 ͉ 1 ͘ = c. Matrix elements of the Hamiltonian between the two states are assumed to be known as E 11 = ͗ 1 ͉Ĥ ͉ 1 ͘, E 21 = E 12 = ͗ 1 ͉Ĥ ͉ 2 ͘, and
The aim is to compute matrix elements in a new properly orthogonalized basis ͉ n ͘. A transformation to the new basis is given by a symmetric matrix:
and . Assuming E 11 = E 22 , for simplicity, and calculating matrix elements of the Hamiltonian between the new states one finds
In the following we shall subtract from the effective Hamiltonians Ĥ 1 and Ĥ 1 + Ĥ 2 the corresponding mean-field energies E MF , which are the same for all dimer coverings. Then, E 11 = E 22 = 0 and the matrix elements ͑20͒ are directly related to the parameters of a QDM:
where ͉c͉ Ӷ 1 is used.
B. First-order mapping
Let us apply the outlined procedure to the first-order Hamiltonian ͑13͒. The mean-field energy E MF =− 
where sites are numbered counterclockwise, beginning with the lower right corner of the rhombus. The first part of ͉ 1,2 ͘ is given by a product of two spin singlet states, whereas the second part is an orbital wave function represented as a product of states ͑4͒ or ͑7͒. An explicit calculation of the offdiagonal matrix element E 12 = ͗ 2 ͉Ĥ 1 ͉ 1 ͘ yields
The largest kinetic energy term in the QD Hamiltonian ͑1͒ amounts to less than 5% of the weaker coupling constant. The ratio of the potential energy to the kinetic term constant is also very small V / ͉t͉ =1/16. 18 Note, that t Ͻ 0 from the above calculation. The remaining freedom in the choice of sign of tunneling matrix elements shall be discussed in the next section.
Since the potential energy V 1 is an order of magnitude smaller than the dimer hopping t 1 , the next relevant interactions besides the kinetic energy of two-dimer moves around C 1 may be three-dimer resonances along longer loops C 2 , C 3 , C 4 , and C 5 . We find no tunneling for loops C 4 and C 5 , i.e., V 4,5 = t 4,5 ϵ 0. For loop C 5 , vanishing of the off-diagonal matrix element can be understood by drawing two-dimer configurations on a corresponding cluster of a kagomé lattice, which is a six-point star. Two dimer states around perimeter of such a star are exact degenerate eigenstates 19 and, hence, t 5 ϵ 0. In the former case, loop C 4 , the E 12 = 0 result is valid only in the first order in J ͑see Sec. III C͒.
Coherent motion of three dimers along composite loops C 2 and C 3 is not described by Eqs. ͑20͒ and ͑21͒ because of the interference with resonances around small rhombi. Let the additional state with three parallel dimers on the parallelogram C 2 be denoted by ͉ 1 ͘ and the two dimer states on the perimeter of C 2 be ͉ 2 ͘ and ͉ 3 ͘, ͗ 2,3 ͉ 1 ͘ = c, while ͗ 2 ͉ 3 ͘ = cЈ. Then, the matrix elements E 12 = E 13 describe short-loop resonances, while E 23 corresponds to a tunneling along the composite loop. Generalizing transformation ͑19͒ to three states, we finally obtain Ẽ 11 Ϸ − cE 12 − ͩcЈ− The potential energy given by the second term in Ẽ 11 in Eq. ͑24͒ is again extremely small, V 2 / ͉t 2 ͉Ϸ0.02, and can be completely neglected. A further extension of the above calculations to longer loops show that tunneling matrix elements of four-dimer moves are rather small, ϳ0.07t 1 , and should also be neglected.
C. Second-order mapping
Analysis starts again with a calculation of the mean-field contribution from Ĥ 2 to the ground state energy ͑diagonal matrix elements͒ for an arbitrary dimer state. Every dimer has a finite energy contribution from Ĥ 2b : where N is the number of sites on a kagomé lattice. The mean-field energy ͑26͒ is subtracted in the following from Ĥ 1 + Ĥ 2 , such that all diagonal matrix elements vanish.
The off-diagonal matrix element of Ĥ 2 for the shortest loop C 1 has nonzero contributions from Ĥ 2a :− 
